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Abstract
In this paper, we investigate the decay properties of an axisymmetric D-solutions to stationary
incompressible Navier-Stokes systems in R3. We obtain the optimal decay rate |u(x)| ≤ C|x|+1 for
axisymmetric flows without swirl. Furthermore, we find a dichotomy for the decay rates of the
swirl component uθ, that is, either O(
1
r+1
) ≤ |uθ(r, z)| ≤ C log(r+1)
(r+1)
1
2
or |uθ(r, z)| ≤ Cr(ρ+1)3 , where
ρ =
√
r2 + z2. In the latter case, we can further deduce that the other two components of the
velocity field also attain the optimal decay rates: |ur(r, z)|+ |uz(r, z)| ≤ Cρ+1 . We do not require any
small assumptions on the forcing term.
Mathematics Subject Classifications 2010: Primary 76D05; Secondary 35Q35.
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1 Introduction and main results
In this paper, we are interested in the decay properties of the so-called D-solution to steady Navier-
Stokes equations in R3
(u · ∇)u + ∇p = ∆u + f, in R3,
div u = 0, in R3,
lim|x|→∞ u(x) = 0,
(1.1)
with
D(u) =
∫
R3
|∇u(x)|2dx < ∞. (1.2)
Here u = (u1, u2, u3)(x) and p = p(x) denote the velocity field and the scalar pressure respectively
and f represents the external force.
Leray [20] first made a fundamental contribution to the existence of weak solutions to (1.1) with
bounded Dirichlet integral. One may refer to the reference [7, 8, 9, 10, 19] for different construction
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2methods and solutions in different kinds of function spaces. An open problem to (1.1) is whether
u ≡ 0 is a unique D-solution to (1.1) when f ≡ 0. Galdi [11] showed that u ∈ L9/2(R3) implies u ≡ 0,
however by Sobolev embedding, we only have u ∈ L6(R3). After that many authors identified many
integrability or decay conditions on u, which lead to many interesting Liouville type results, one may
refer to [2, 3, 4, 18, 23]. In [2], Chae obtained an interesting result, which showed that ∆u ∈ L6/5(R3)
is enough to guarantee the triviality of u. From the viewpoint of the decay rates at infinity, we realize
that ∆u ∈ L6/5(R3) is formally equivalent to ∆u(x) = o(|x|−5/2), while u ∈ L6(R3) is equivalent to
u(x) = o(|x|−1/2). From the scaling point of view, we see that these two conditions have the same
scaling. Recently there is a paper by Kozono and his collaborators [17], where they established a
bound of D(u) and decay rates of u in terms of the asymptotic behavior of the vorticity ω = curl u
and showed that if ω(x) = o(|x|−5/3) as |x| → ∞, then u ≡ 0.
In [6], the authors showed that when D-solutions are asymptotically expanded near infinity, the
leading term cannot be the product of a non-zero vector with the Stokes fundamental solution. One
may refer to [21] for a decomposition of the asymptotic profile at infinity. Korolev and Sverak [16]
showed that Landau’s solution is the right leading term describing the asymptotic behavior when
the solution satisfied some smallness assumptions. Borchers-Miyakawa [1], Galdi-Simader [12] and
Novotny-Padula [22] obtained the existence of such u with decay rate O(|x|−1) at infinity provided the
forcing term is sufficiently small in some function spaces. Under the assumption that |u(x)| = O(|x|−1)
as |x| → ∞, Sverak and Tsai [24] had showed that |∇ku(x)| ≤ O(|x|−k−1) for any k ≥ 1 if the force
decays sufficient fast, by employing a clever scaling argument and an interior estimate for the Stokes
system. For 3-D axisymmetric Navier-Stokes equations with arbitrary force, there are already some
decay rates results for the D-solutions to (1.1) [5, ?]. Let us first introduce the cylindrical coordinate
r =
√
x2
1
+ x2
2
, θ = arctan
x2
x1
, z = x3,
and denote er, eθ, ez the standard basis vectors in the cylindrical coordinate:
er = (cos θ, sin θ, 0)
t, eθ = (− sin θ, cos θ, 0)t, ez = (0, 0, 1)t.
A function f is said to be axially symmetric if it does not depend on θ. A vector-valued function
u = (ur, uθ, uz) is called axially symmetric if ur, uθ and uz do not depend on θ. A vector-valued
function u = (ur, uθ, uz) is called axially symmetric with no swirl if uθ = 0 while ur and uz do not
depend on θ.
Assume that u(x) = ur(r, z)er + uθ(r, z)eθ + uz(r, z)ez is a smooth D-solution to (1.1). The corre-
sponding asymmetric steady Navier-Stokes equations read as follows.

(ur∂r + uz∂z)ur − u
2
θ
r
+ ∂rp =
(
∂2r +
1
r
∂r + ∂
2
z − 1r2
)
ur + fr,
(ur∂r + uz∂z)uθ +
uruθ
r
=
(
∂2r +
1
r
∂r + ∂
2
z − 1r2
)
uθ + fθ,
(ur∂r + uz∂z)uz + ∂zp =
(
∂2r +
1
r
∂r + ∂
2
z
)
uz + fz,
∂rur +
ur
r
+ ∂zuz = 0.
(1.3)
Define the vorticity ω(x) = curl u(x) = ωr(r, z)er + ωθ(r, z)eθ + ωz(r, z)ez, where
ωr = −∂zuθ, ωθ = ∂zur − ∂ruz, ωz =
1
r
∂r(ruθ).
3The equations satisfied by ωr, ωθ and ωz are listed as follows.
(ur∂r + uz∂z)ωr − (ωr∂r + ωz∂z)ur =
(
∂2r +
1
r
∂r + ∂
2
z −
1
r2
)
ωr − ∂z fθ, (1.4)
(ur∂r + uz∂z)ωθ −
urωθ
r
− 1
r
∂z(u
2
θ) =
(
∂2r +
1
r
∂r + ∂
2
z −
1
r2
)
ωθ + ∂z fr − ∂r fz, (1.5)
(ur∂r + uz∂z)ωz − (ωr∂r + ωz∂z)uz =
(
∂2r +
1
r
∂r + ∂
2
z
)
ωz +
1
r
∂r(r fθ). (1.6)
Gilbarg and Weinberger [14, 15] first made an important progress in the investigation of the decay
properties of D-solutions to stationary Navier-Stokes equations (1.1) in the 2-D exterior domain.
Inspired by [14] and [15], Choe and Jin [5] started to investigate the possible decay rates in the radial
direction for smooth axially symmetric D-solutions to (1.1). In [25], the author has improved the
results in [5], and also derived some decay rates on the symmetric axis for the flow without swirl.
In [16], the authors have proved that the leading term in the asymptotic expansion at ∞ of the
solution to the steady Navier-Stokes equations should be the Landau solution, under the assumption
that |u(x)| ≤ ǫ∗|x|+1 with ǫ∗ sufficiently small. Indeed, they proved that for any α ∈ (1, 2), there exists a
ǫ∗ = ǫ∗(α) > 0 such that if |u(x)| ≤ ǫ|x|+1 with ǫ ≤ ǫ∗, then
u(x) = Ub(x) + O(|x|−α) as |x| → ∞, for k = 1, 2, · · · . (1.7)
where Ub is the Landau solution which is axisymmetric with respect to the axis R · b. For b = e3, the
explicit formula for Ue3 and the corresponding pressure Pe3 are
U
e3
1
(x) =
2x1(Ax3 − |x|)
|x|(A|x| − x3)2
, U
e3
2
(x) =
2x2(Ax3 − |x|)
|x|(A|x| − x3)2
,
U
e3
3
(x) = 2
A|x|2 − 2x2|x| + Ax23
|x|(A|x| − x3)2
, Pe3 (x) =
4(Ax3 − |x|)
|x|(A|x| − x3)2
,
then for every A > 1,
−∆Ue3 + div(Ue3 ⊗ Ue3 ) + ∇Pe3 = β(A)e3δ(x),
with
β(A) = 16π
(
A +
1
2
A2 log
A − 1
A + 1
+
4A
3(A2 − 1)
)
.
In this paper, under suitable decay conditions on the axisymmetric forcing term (but no smallness
assumption), we will show that |u(x)| ≤ C|x|+1 for axisymmetric flows without swirl. Furthermore,
for general axisymmetric flows, we find there is a dichotomy for the decay of the swirl component
uθ, we prove that either O(
1
r+1
) ≤ |uθ(r, z)| ≤ O
(
log(r+1)
(r+1)1/2
)
or |uθ(r, z)| ≤ Cr(|x|+1)3 . We expect the latter
case will happen in real fluids. The reason why uθ can have a better decay like O(
1
|x|2 ) is based on
the following two observations. The first interesting observation is that the Landau solution has a
zero swirl component. Combining this with (1.7), we expect that uθ should have a much better decay
behavior O(|x|−α) for any 1 < α < 2, at least for small solution satisfying |u(x)| ≤ ǫ|x|+1 . The second
observation is based on the following equation satisfied by Λ =: uθ
r
:
(ur∂r + uz∂z)Λ −
(
∂2r +
3
r
∂r + ∂
2
z
)
Λ +
2ur
r
Λ =
fθ
r
. (1.8)
4The quantity Λ was introduced in [4] to help to derive some reverse Sobolev inequalities for Ω = ωθ
r
.
Since the operator ∂2r +
3
r
∂r + ∂
2
z can be regarded as the Laplacian operator in R
5, one may expect
that Λ shares the same decay rates as the fundamental solution to the Laplacian operator in R5, i.e.
|Λ(r, z)| ≤ C
ρ3
. To further explore the decay properties of ur and uz, we employ the equation by Ω =
ωθ
r
and the Biot-Savart law. Note that Ω satisfies
(ur∂r + uz∂z)Ω − (∂2r +
3
r
∂r + ∂
2
z )Ω = ∂z(Λ
2) +
1
r
(∂z fr − ∂r fz),
one may guess Ω also decays like O( 1|x|3 ) and using the Biot-Savart law, we can conclude that ur and
uz decay like O(
1
|x| ). Returning back to the case considered by Korolev and Sverak [16], if the solution
|u(x)| ≤ ǫ|x|+1 is also axisymmetric, then (1.7) implies that |uθ(r, z)| ≤ O( 1|x|α ), from which we further
infer that |uθ(r, z)| ≤ Cr(|x|+1)3 ≤ O( 1(|x|+1)2 ). Hence we can slightly improve Korolev and Sverak’s result
[16], see Remark 2.2.
Our main result is stated as follows.
Theorem 1.1. Let u(x) be an axisymmetric D-solution to the steady Navier-Stokes equations with an
axisymmetric force f ∈ H1(R3) with
‖f‖H−1(R3) + ‖f‖H1(R3) +
∥∥∥∥∥
(
r
log r
)1/2
fθ
∥∥∥∥∥
L2(R3)
+ ‖r2curl f‖L2(R3) ≤ M0, (1.9)
sup
(r,z)∈R+×R
(
ρ5| fθ(r, z)
r
|
)
+ ‖r fθ‖L1(R3) + sup
x∈R3
|x|5
∣∣∣∣∣∂z fr − ∂r fzr
∣∣∣∣∣ +
∫
R3
r2|∂z fr − ∂r fz|dx ≤ M1, (1.10)
for some positive constants M0,M1. Then either
O
(
1
r + 1
)
≤ |uθ(r, z)| ≤ O
(
log(r + 1)
(r + 1)1/2
)
(1.11)
or
|uθ(r, z)| ≤
Cr
(ρ + 1)3
, ρ =
√
r2 + z2. (1.12)
If the latter case happens, we have a further conclusion:
|ωθ(r, z)| ≤
Cr
(ρ + 1)3
, (1.13)
|ur(r, z)| + |uz(r, z)| ≤
C
ρ + 1
. (1.14)
In particular, for the axisymmetric flow without swirl component, where (1.12) happens, (1.13) and
(1.14) hold. Here the constants C may change from line to lines, but only depend on M0 and M1.
We will prove the main result in the next section.
2 Proof of Theorem 1.1
We first need a upper bound for the fundamental solution to the standard elliptic operator.
5Lemma 2.1. Let the operator Lv = −
n∑
i, j=1
ai j(x)∂
2
i jv+
n∑
i=1
bi(x)∂iv+c(x)v be an elliptic operator in R
n
with n ≥ 3, where the coefficients ai j, bk, c are smooth and bounded, and there also exists a constant
ν ∈ (0, 1] such that for ξ ∈ Rn \ {0}:
ν|ξ|2 ≤
n∑
i, j=1
ai j(x)ξiξ j ≤ ν−1|ξ|2, ∀x ∈ Rn.
Then there exists a fundamental solution Γ(x, y) to the operator L such that LΓ(x, y) = δ(x − y) and
0 ≤ Γ(x, y) ≤ C|x − y|2−n, |∇yΓ(x, y)| ≤ C|x − y|1−n (2.1)
where C depends on ν and the bounds of coefficients ai j, bk, c and their derivatives.
Proof. We consider a corresponding second order uniformly parabolic operator Lu(x, t) = ∂tu −
n∑
i, j=1
ai j(x)∂
2
i ju +
n∑
i=1
bi(x)∂iu + c(x)u. By the results in Chapter IV, section 11 and 13 in [13], there
exists a fundamental solution Z(x, ξ; t, τ) satisfying
LZ(x, ξ; t, τ) = 0, ∀x ∈ Rn, t > τ,
Z(x, ξ; t, τ) → δ(x − ξ), as t → τ + .
Moreover, Z(x, ξ; t, τ) satisfies the following estimates
|∂rt∂sxZ(x, ξ; t, τ)| ≤ C2(t − τ)−
n+2r+s
2 exp
(
−C1
|x − ξ|2
t − τ
)
, (2.2)
where 2r + s ≤ 2, t > τ,
|∂rt∂sxZ(x, ξ; t, τ) − ∂rt∂sx′Z(x′, ξ; t, τ)|
≤ C4
[
|x − x′|γ(t − τ)− n+2+γ2 + |x − x′|β(t − τ)− n+2+α−β2
]
exp
(
−C3 |x
′′−ξ|2
t−τ
)
,
(2.3)
where 2r + s = 2 (i.e. r = 0, s = 2 and r = 1, s = 0), 0 ≤ γ ≤ 1, 0 ≤ β ≤ α, t > τ, where α ∈ (0, 1) is
an arbitrary constant,
|∂rt∂sxZ(x, ξ; t, τ) − ∂rt′∂sxZ(x′, ξ; t′, τ)|
≤ C6
[
(t − t′)(t′ − τ)− n+2r+s+22 + (t − t′) 2−2r−s+α2 (′t − τ)− n+22
]
exp
(
−C5 |x
′′−ξ|2
t−τ
)
,
(2.4)
where 2r + s = 1, 2 and t > t′ > τ. Here Ci, i = 1, · · · , 6 only depends on α, β and the bounds of the
coefficients ai j, bi, c and their derivatives.
By (2.2)-(2.4), we see that the integral Γ(x, ξ) =:
∫ ∞
0
Z(x, ξ; t, 0)dt is convergent and
LΓ(x, ξ) =
∫ ∞
0
(
−
n∑
i. j=1
ai j(x)∂
2
i j +
n∑
i=1
bi(x)∂i + c(x)
)
Z(x, ξ, t, 0)dt
= −
∫ ∞
0
∂tZ(x, ξ, t, 0)dt = δ(x − ξ).
Hence Γ(x, ξ) is a fundamental solution to the operator L. The estimate (2.1) follows immediately
from (2.2). 
6Proof of Theorem 1.1. Setting Λ(r, z) =
uθ(r,z)
r
, then Λ satisfies
−(∂2r +
3
r
∂r + ∂
2
z )Λ + (ur∂r + uz∂z)Λ +
2ur
r
Λ =
fθ
r
. (2.5)
To apply Lemma 2.1, we introduce a new coordinate:
y = (y′, z) = (y1, · · · , y4, z), , r =
√
y2
1
+ y2
2
+ y2
3
+ y2
4
,
then ∆y = (∂
2
r +
3
r
∂r + ∂
2
z ). Put
Λ(y) = Λ(|y′|, z), b(y) = (b1(y), · · · , b5(y)) =
(
ur(|y′|, z)
|y′| y
′, uz(|y′|, z)
)
,
c(y) =
2ur(|y′|, z)
|y′| , g(y) =
fθ(|y′|, y5)
|y′| ,
then (2.5) can be rewritten as a second order elliptic order in R5:
−∆yΛ +
5∑
i=1
bi(y)∂yiΛ + c(y)Λ = gθ(y). (2.6)
Since ur(0, z) ≡ 0, bi(y) are smooth functions for i = 1, 2, 3, 4. Let Γ(y, ζ) be the fundamental solution
to the operator −∆y +
∑5
i=1 bi(y)∂yi + c(y) obtained from Lemma 2.1, then |Γ(y, ζ)| ≤ C|y−ζ |3 . Put
Λ˜(y) =
∫
R5
Γ(y, ζ)gθ(ζ)dζ,
then
−∆yΛ˜ +
5∑
i=1
bi(y)∂yiΛ˜ + c(y)Λ˜ = gθ(y). (2.7)
Also we have |Λ˜(y)| ≤ C|y|3 , which can be obtained from a simple computation
|Λ˜(y)| ≤
∣∣∣∣∣
∫
|y−ζ |≤ |y|
2
Γ(y, ζ)gθ(ζ)dζ
∣∣∣∣∣ +
∣∣∣∣∣
∫
|y−ζ |> |y|
2
Γ(y, ζ)gθ(ζ)dζ
∣∣∣∣∣
≤ sup
y∈R5
(|y|5 |gθ(y)|)C|y|−5
∫
|y−ζ |≤ |y|
2
|y − ζ |−3dζ +C|y|−3
∫
|y−ζ |> |y|
2
|gθ(ζ)|dζ
≤ C|y|−3(sup
y∈R5
(|y|5 |gθ(y)|) +
∫
R5
|gθ(y)|dy)
≤ C|y|−3
(
sup
(r,z)∈R+×R
(
ρ5| fθ(r, z)
r
|
)
+ ‖r fθ‖L1(R3)
)
.
Note that |uθ | ≤ C log(r+1)(r+1)1/2 was already proved in [25]. If |uθ(r, z)| ≥ O( 1r+1), the proof is finished.
Otherwise, |uθ(r, z)| ≤ o( 1r+1 ), i.e. lim|x|→∞(ruθ(r, z)) = 0, under this decay condition at infinity, we
7will prove that Λ˜(y) = Λ(y), hence |Λ(r, z)| ≤ C
(ρ+1)3
. It is well-known that Υ(r, z) = ruθ(r, z) satisfies
the following equation,
−(∂2r +
3
r
∂r + ∂
2
z )Υ +
4
r
∂rΥ + (ur∂r + uz∂z)Υ = r fθ(r, z), (2.8)
from which a maximum principle can be derived. Define
Υ(y) = |y′|2Λ(y), Υ˜(y) = |y′|2Λ˜(y),
then Υ(y) as a function defined on R5 will satisfy
−∆yΥ +
4y′ · ∇y′
|y′|2 Υ +
5∑
i=1
bi(y)∂yiΥ = |y′| fθ(|y′|, z). (2.9)
By a simple calculation, one can derive the equation for Υ˜ from (2.7):
−∆yΥ˜ +
4y′ · ∇y′
|y′|2 Υ˜ +
5∑
i=1
bi(y)∂yiΥ˜ = |y′| fθ(|y′|, z). (2.10)
Now take Υˆ = Υ − Υ˜, then
−∆yΥˆ +
4y′ · ∇y′
|y′|2 Υˆ +
5∑
i=1
bi(y)∂yiΥˆ = 0. (2.11)
Since lim|x|→+∞ |ruθ(r, z)| = 0 and |Λ˜| ≤ C|y|3 , we have lim|y|→∞ Υˆ(y) = 0. Note that Υˆ(0, z) ≡ 0, the
second term in (2.11) does not cause any trouble, by a standard maximum principle argument for
(2.11), we can conclude that Υˆ ≡ 0. Hence |Υ(y)| = |Υ˜(y)| and |uθ | ≤ Cr(ρ+1)3 .
Now assume (1.12) holds, we will show that (1.13) and (1.14). We will use the equation satisfied
by Ω = ωθ
r
:
(ur∂r + uz∂z)Ω − (∂2r +
3
r
∂r + ∂
2
z )Ω = ∂z(Λ
2) +
1
r
(∂z fr − ∂r fz). (2.12)
As above, put
Ω(y) = Ω(|y′|, z), b(y) = (b1(y), · · · , b5(y)) =
(
ur(|y′|, z)
|y′| y
′, uz(|y′|, z)
)
,
h(y) =
∂z fr(|y′|, z) − ∂r fz(|y′|, z)
|y′| ,
then (2.12) can be rewritten as a second order elliptic order in R5:
−∆yΩ +
5∑
i=1
bi(y)∂yiΩ = ∂y5(Λ
2
(y)) + h(y). (2.13)
Let Γ˜(y, ζ) be the fundamental solution to the operator −∆y +
∑5
i=1 bi(y)∂yi obtained from Lemma 2.1,
then |Γ˜(y, ζ)| ≤ C|y−ζ |3 . Put
Ω˜(y) =
∫
R5
Γ˜(y, ζ)[∂y5 (Λ
2
)(ζ) + h(ζ)]dζ
8then
−∆yΩ˜ +
5∑
i=1
bi(y)∂yiΩ˜ = ∂y5Λ
2
(y) + h(y). (2.14)
To estimate Ω˜, we rewrite
Ω˜(y) =
∫
R5
∂y5 Γ˜(y, ξ)Λ
2(ζ)dζ +
∫
R5
Γ˜(y, ζ)h(ζ)dζ ≔ I + II,
and we can estimate I and II as follows.
|I| ≤
∫
|y−ζ |≤|y|/2
|∂y5 Γ˜(y, ζ)||Λ(ζ)|2dζ +
∫
|y−ζ |>|y|/2
|∂y5 Γ˜(y, ζ)||Λ(ζ)|2dζ
≤ C|y|−6
∫
|y−ζ |≤|y|/2
|y − ζ |−4dζ +C|y|−4
∫
|y−ζ |≥|y|/2,|ζ |>1
|Λ(ζ)|2dζ
+C|y|−4
∫
|y−ζ |≥|y|/2,|ζ |≤1
|Λ(ζ)|2dζ
≤ C|y|−4,
|II| ≤
∫
|y−ζ |≤|y|/2
Γ˜(y, ζ)|h(ζ)|dζ +
∫
|y−ζ |>|y|/2
Γ˜(y, ζ)|h(ζ)|dζ
≤ C sup
ζ∈R5
(|ζ |5|h(ζ)|)|y|−5
∫
|y−ζ |≤|y|/2
|y − ζ |−3dζ +C|y|−3
∫
|y−ζ |≥|y|/2
|h(ζ)|dζ
≤ C
(
sup
x∈R3
|x|5
∣∣∣∣∣∂z fr − ∂r fzr
∣∣∣∣∣ +
∫
R3
r2|∂z fr − ∂r fz|dx
)
|y|−3.
Hence we have |Ω˜(y)| ≤ C|y|−3. Since lim|x|→∞ Ω(r, z) = 0, by maximum principle we can conclude
that Ω(y) ≡ Ω˜(y). Then we deduce that
|Ω(r, z)| ≤ C
(ρ + 1)3
, |ωθ(r, z)| ≤
Cr
(ρ + 1)3
. (2.15)
Since ∇ × (urer + uzez) = ωθeθ, we have −∆(urer + uzez) = curl (ωθeθ), from which we can infer that
(urer + uzez) = −
∫
R3
∇Γ(x, y) × (ωθeθ)(y)dy
where Γ(x, y) = 1
4π|x−y| . Then as already showed in Lemma 3.1 in [17], one has
|urer + uzez| ≤ C‖|x|2|ωθ(x)‖L∞(R3)|x|−1 +C‖ωθ‖L∞(R3)|x|−2,
from which we infer (1.14).

Remark 2.2. In Korolev and Sverak’s work [16], they considered the exterior domain case. By con-
verting their results to the whole space with forcing term, we can also obtain the following results:
Suppose u is a smooth solution to (1.1), then for any α ∈ (1, 2), there exists a constant ǫ(α) > 0 such
that if
|u(x)| ≤ ǫ|x| + 1 (2.16)
9for 0 < ǫ ≤ ǫ(α), then
|u(x) − Ub(x)| ≤ C|x|−α (2.17)
where Ub is the unique Landau solution which are axisymmetric with respect to the axis R · b, where
b =
∫
R3
f(x)dx. If f is axisymmetric, then
b =
∫
R3
f(x)dx =
∫ ∞
−∞
∫ 2π
0
∫ ∞
0
( fr(r, z)er + fθr, zeθ + fz(r, z)ez)rdrdz
= 2π
∫ ∞
−∞
∫ ∞
0
fz(r, z)rdrdz · ez.
Hence if u(x) is an axisymmetric smooth solution to (1.1) with an axisymmetric force, satisfying
(2.16), then by (2.17) and the observation that Ub has zero swirl component, we conclude that
|uθ(r, z)| ≤ C|x|−α. (2.18)
Hence by Theorem 1.1, (1.11) is excluded and (1.12) holds. That is,
|uθ(r, z)| ≤ C|x|−2. (2.19)
In this sense, we can slightly improve the result of Korolev and Sverak.
Remark 2.3. If
∫
R5
h(y) = 0, then
∫
R5
Γ˜(y, ζ)h(ζ)dζ =
∫
R5
(Γ˜(y, ζ) − Γ˜(y, 0))h(ζ)dζ,
=
∫
R5
∫ 1
0
ζ · ∇ζ Γ˜(y, tζ)dth(ζ)dζ =
∫ 1
0
∫
R5
ζ · ∇ζ Γ˜(y, tζ)h(ζ)dζdt
=
∫ 1
0
∫
|y−tζ |≥|y|/2
ζ · ∇ζ Γ˜(y, tζ)h(ζ)dζdt +
∫ 1
0
∫
|y−tζ |<|y|/2
ζ · ∇ζ Γ˜(y, tζ)h(ζ)dζdt = J1 + J2,
where
|J1| ≤ C
1
|y|4
∫
R5
|y||h(y)|dy,
|J2| ≤ C
∫ 1
0
∫
|y−tζ |<|y|/2
1
|y − tζ |4 dζ supζ∈R5
(|ζ |6h(ζ))|y|−5
≤ C sup
ζ∈R5
(|ζ |6h(ζ))|y|−4.
Combining with the estimate in I, we see that if |uθ(r, z)| ≤ C(ρ+1)2 and
∫
R5
h(y) = 0,
|Ω(y)| ≤ C
(|y| + 1)4 , |ωθ(r, z)| ≤
Cr
(ρ + 1)4
≤ C
(ρ + 1)3
.
By a similar argument as in Lemma 3.1 in [17], we can conclude that
|ur(r, z)| + |uz(r, z)| ≤
C log |x|
(|x| + 1)2 . (2.20)
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Remark 2.4. One may consider a special class of D−solutions with the form u(x) = ur(r, z)er +
uθ(r, z)eθ + uz(r, z)ez and h(x) = hθ(r, z)eθ to the incompressible steady MHD equations
(u · ∇)u + ∇p = (h · ∇)h + ∆u + f, in R3,
(u · ∇)h − (h · ∇)u = ∆h + curl g,
div u = div h = 0, in R3,
lim|x|→∞ u(x) = lim|x|→∞ h(x) = 0.
(2.21)
Within this special solution class, the MHD equations (2.21) reduce to

(ur∂r + uz∂z)ur − u
2
θ
r
+ ∂rp = − h
2
θ
r
+
(
∂2r +
1
r
∂r + ∂
2
z − 1r2
)
ur + fr,
(ur∂r + uz∂z)uθ +
uruθ
r
=
(
∂2r +
1
r
∂r + ∂
2
z − 1r2
)
uθ + fθ,
(ur∂r + uz∂z)uz + ∂zp =
(
∂2r +
1
r
∂r + ∂
2
z
)
uz + fz,
(ur∂r + uz∂z)hθ − urhθr =
(
∂2r +
1
r
∂r + ∂
2
z − 1r2
)
hθ + ∂zgr − ∂rgz,
∂rur +
ur
r
+ ∂zuz = 0.
(2.22)
It is well-known that Π =
hθ
r
satisfies the following elliptic equations
(ur∂r + uz∂z)Π =
(
∂2r +
3
r
∂r + ∂
2
z
)
Π +
1
r
(∂zgr − ∂rgz). (2.23)
Hence if
sup
x∈R3
|x|5
∣∣∣∣∣∂zgr − ∂rgzr
∣∣∣∣∣ +
∫
R3
r2|∂zgr − ∂rgz|dx < ∞, (2.24)
then
|Π(r, z)| ≤ C
(ρ + 1)3
, i.e. |hθ(r, z)| ≤
Cr
(ρ + 1)3
. (2.25)
That is the swirl component of the magnetic field always has a better decay rates. Also in this case,
the swirl component of the vorticity ωθ satisfies
(ur∂r + uz∂z)ωθ −
urωθ
r
− 1
r
∂z(u
2
θ) +
1
r
∂z(h
2
θ ) =
(
∂2r +
1
r
∂r + ∂
2
z −
1
r2
)
ωθ + ∂z fr − ∂r fz. (2.26)
One can extend the results in Theorem 1.1 to this case without any modification.
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